
J Stat Phys (2009) 136: 1095–1104
DOI 10.1007/s10955-009-9824-z

Lévy-Process Intrinsic Statistical Solutions
of a Randomly Forced Burgers Equation

Marie-Line Chabanol · Jean Duchon

Received: 23 April 2009 / Accepted: 10 September 2009 / Published online: 24 September 2009
© Springer Science+Business Media, LLC 2009

Abstract We consider Burgers equation forced by a brownian in space and white noise in
time process ∂tu + 1

2 ∂x(u)2 = f (x, t), with E(f (x, t)f (y, s)) = 1
2 (|x| + |y| − |x − y|) ×

δ(t − s) and we show that there exist intrinsic statistical solutions that are Lévy processes
at any given positive time. We give the evolution equation for the characteristic exponent of
such solutions; in particular we give the explicit solution in the case u0(x) = 0.

Keywords Burgers · Random forcing · Lévy process · Turbulence

1 Introduction

We consider the randomly forced Burgers equation (∗) ∂tu + 1
2 ∂x(u

2) = f (x, t), where f

satisfies E(f (x, t)f (y, s)) = A(x,y)δ(t − s) with A(x,y) = 1
2 (|x| + |y| − |x − y|): f is

a brownian in space/ white noise in time process (the brownian is considered on the whole
space, and is obtained with two independent Brownians, one on the left and one on the
right). Burgers equation has originally been introduced as a 1D model of turbulence [3].
It is certainly too crude, but it is still a good idea when trying to find new approaches
to the “real” 3D turbulence as given by Euler equation, to start by looking at Burgers. In
this point of view, the randomly forced Burgers equation is a crude simplification on the
way to the description of forced turbulence. A variant of our problem was considered
by [6], where they considered a Gaussian in space/white noise in time forcing, satisfying
E(f (x, t)f (y, s)) = A(x − y)δ(t − s) and obtained all the hierarchy of n-point densities
evolution equations. We will proceed quite differently, basing our study on the result shown
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by Carraro and Duchon in [4], and by Bertoin in [2], that there are statistical solutions
(in a sense that we will recall later) of the Burgers equation without any forcing, which
at any given time are Lévy processes without positive jumps. This is actually a particular
case of the fact that the Burgers equation conserves the Markovian (in space) property of
processes [5]. We will show here in the same spirit that the brownian in space/white noise
in time forcing allows to keep the Lévy property: there are intrinsic statistical solutions that
are at any given time spatial Lévy processes without positive jumps. We will first derive
an evolution equation for the characteristic exponent of such a Lévy solution; then we will
prove that this equation has solutions that are for all time t > 0 characteristic exponents of
a Lévy process without positive jumps. Hence there are indeed such statistical solutions.
Moreover, our method allows us to write explicitly for any positive time the exponent of the
Lévy process that one gets when starting from u0(x) = 0. Even if no uniqueness theorem
has been proven for intrinsic statistical solutions, the fact that these Lévy solutions have no
positive jumps shows that they should be meaningful physically.

2 Statistical Solutions

We will closely follow [4] (see also [9]). Let E be the space of càdlàg real functions. We
will call C(E) the smallest σ -algebra such that for each x ∈ R, u �→ u(x) is measurable, and
C′(E) the smallest σ -algebra such that for each (x, y) ∈ R×R, u �→ u(x)−u(y) is measur-
able. Let D0 be the set of real C∞ functions v with compact support such that

∫
R

v(x)dx = 0.
A probability μ on (E, C(E)) is then characterized by its characteristic function

v ∈ D �→ μ̂(v) :=
∫

E

exp

[

i

∫

R

u(x)v(x)dx

]

dμ(u)

whereas a probability μ on (E, C′E)) is characterized by its characteristic function v ∈
D0 �→ μ̂(v).

Let u0 : (�, A,P ) → E be a random process, defined on some probability space, and let
μ0 : C(E) → [0,1] denote its probability law: u0 will be our initial condition. We will let u

evolve according to the non forced Burgers equation, obtaining thus a family of processes
ut where ut (x) = u(x, t) is the solution of Burgers at time t . Then it is not difficult to check
that the characteristic function μ̂t of ut verifies:

∂t μ̂t (v) = ∂t

(∫

E

exp

[

i

∫

R

u(x)v(x)dx

]

dμt(u)

)

=
∫

E

∂t

{

exp

[

i

∫

R

u(x, t)v(x)dx

]}

dμ0(u0)

=
∫

E

exp

[

i

∫

R

u(x, t)v(x)dx

](

∂t

[

i

∫

R

u(x, t)v(x)dx

])

dμ0(u0)

=
∫

E

exp

[

i

∫

R

u(x)v(x)dx

][

i

∫

R

1

2
u(x)2v′(x)dx

]

dμt (u) (1)

This motivated the definition given in [4] of a statistical solution of Burgers equation, as
a family of random processes ut whose characteristic functions are solutions of (1).

Here we will take for u0 a Lévy process without positive jumps, that is a càdlàg process
with stationary homogeneous increments and without positive jumps, and we are really in-
terested only in the law of the increments. Hence u0 really defines a probability law on
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(E, C′E)). But u �→ ∫
R

u(x)2v′(x)dx is not C ′(E) measurable, hence this evolving equa-
tion for μ̂ makes no sense. One way around this is to take a different approach and
to work with the Hopf-Cole construction as in [2] or [7]. Another way was explored
in [4]: it is based on the notion of intrinsic statistical solution, and involves working with
u(x, t) − 1

b−a

∫ b

a
u(x, t)dx when b − a gets large:

Definition 1 An intrinsic statistical solution of Burgers equation is a set (μt )t≥0 of proba-
bilities on (E, C′(E)) such that for any v ∈ D0,

∂t μ̂t (v) = i

2
lim

a→−∞,b→+∞

∫

E

(∫

R

(

u(x) − 1

b − a

∫ b

a

u(y)dy

)2

v′(x)dx

)

× exp

[

i

∫

R

uv

]

dμt(u)

A justification for this definition is the proposition, proven in [4], that if u is a homoge-
neous process of finite variance, then

lim
a→−∞
b→+∞

∫

E

(∫

R

i

2

(

u(x) − 1

b − a

∫ b

a

u(y)dy

)2

v′(x)dx

)

exp

[

i

∫

R

uv

]

dμ(u)

=
∫

E

(∫

R

i
1

2
u(x)2v′(x)dx

)

exp

[

i

∫

R

uv

]

dμ(u)

This notion of intrinsic statistical solution has the drawback that there is up to now no
general proof for the existence of a unique solution with no positive jumps, nor that this
solution coincides with the Hopf-Cole solution. Yet it allows to get explicit results, and one
can check that the solution found has no positive jumps. It is then reasonable to think that
such a solution should be physically meaningful. As a matter of fact, in the no forcing case,
the statistical solution thus found in [4] for a brownian initial condition does indeed coincide
with the solution found in [2] by Hopf-Cole method.

In order to work with Lévy processes we will need their characterization by means of
their exponents.

Definition 2 If u is a Lévy process, its characteristic exponent ψ is defined by ∀x < y,
∀w ∈ R ,

E{exp i[w(u(y) − u(x))]} = exp[(y − x)ψ(w)] (2)

If the process is of finite variance without positive jumps, one can use analytic continua-
tion to define its Laplace exponent φ(w) := ψ(−iw) as a function on R

+.

In [4] it is shown that if u0 is a Lévy process of finite variance such that φ′
0(0) ≥ 0, and

if we let u evolve according to the non forced Burgers equation, ut is still a Lévy process;
its characteristic exponent ψt satisfies the evolution equation ∂tψ = i∂w(ψ2)/2.

Let now f be the random forcing, independent on u0. We will denote by μF its proba-
bility law. Restricted to events involving a fixed time, μF is the law of a brownian motion
defined on R by gluing one brownian on R

+ and the reflection of another independent
brownian on R

−. Such a brownian on R is a continuous process with independent homoge-
neous increments null at 0.
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The basic idea now is the following: if ut is a Lévy process with probability μt on C ′(E),
and if we let ut evolve according to our forced Burgers equation, u(x, t +dt) will be the sum
of uNF (x, t + dt) and

√
dtB(x), where uNF is the process we would have obtained without

any forcing, and B(x) is a brownian motion independent of uNF . u(x, t + dt) should thus
still be a process with homogeneous independent increments, that is, a Lévy process with
exponent the sum of the exponents. Since the characteristic exponent of a brownian is x2

2 ,
and since the evolution equation for the characteristic exponent in case of no forcing is
∂tψ(t,w) = i∂wψ(t,w)ψ(t,w), the evolution equation of the characteristic exponent of μ

with random forcing should be ∂tψ(t,w) = i∂w(ψ2)/2 + w2

2 .
One can also get this result in a more rigorous way, yet still formal, by working with char-

acteristic functions. Let us first define statistical solutions for the forced Burgers equation.
Let u(x, t) be a (weak) solution of our forced Burgers equation with u(.,0) = u0, u(., t) ∈ E

for t > 0. Let μt denote the law of u(., t) on C(E). If v in D, one needs to compute

∂t μ̂t (v) =
∫

F

∫

E

∂t

{

exp

[

i

∫

R

u(x, t)v(x)dx

]}

dμ0(u0)dμF

If Xt is a continuous semi-martingale, Ito’s formula (see [8]) states that

d(exp(iXt )) = i exp(iXt )dXt − 1

2
exp(iXt )d〈X,X〉t

Applying it formally to Xt = ∫
R

u(x, t)v(x)dx, which satisfies Ẋt = ∫
R

u2(x, t)v′(x)dx +∫
R

v(x)f (x, t)dx, yields

∂t

{

exp

[

i

∫

R

u(x, t)v(x)dx

]}

= exp

[

i

∫

R

u(x, t)v(x)dx

](

i

∫

R

u(x, t)2v′(x)dx

+ i

∫

R

f (x, t)v(x)dx − 1

2

∫ ∫

R×R

v(x)v(y)∂t 〈u(x, t)u(y, t)〉t dxdy

)

Hence one finally gets

∂t μ̂t (v) =
∫

E

(∫

R

i
1

2
u(x)2v′(x)dx − 1

2

∫ ∫

R×R

v(x)v(y)A(x, y)dxdy

)

× exp

[

i

∫

R

uv

]

dμt(u)

Hence our definitions:

Definition 3 A statistical solution of the forced Burgers equation (*) is a set (μt )t≥0 of
probabilities on (E, C(E)) such that for any v ∈ D,

∂t μ̂t (v) =
∫

E

(∫

R

i
1

2
u(x)2v′(x)dx

)

exp

[

i

∫

R

uv

]

dμt(u)

−
(

1

2

∫ ∫

R×R

v(x)v(y)A(x, y)dxdy

)

μ̂t (v)
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Definition 4 An intrinsic statistical solution of the forced Burgers equation (*) is a set
(μt )t≥0 of probabilities on (E, C′(E)) such that for any v ∈ D0,

∂t μ̂t (v) = lim
a→−∞,b→+∞

∫

E

(∫

R

i

2

(

u(x) − 1

b − a

∫ b

a

u(y)dy

)2

v′(x)dx

)

× exp

[

i

∫

R

uv

]

dμt (u) −
(

1

2

∫ ∫

R×R

v(x)v(y)A(x, y)dxdy

)

μ̂t (v) (3)

One can remark that for A(x,y) = 1
2 (|x| + |y| − |x − y|) and v ∈ D,

∫∫
R×R

v(x)v(y)×
A(x,y)dxdy = ∫ +∞

0 (w(x)2 + (w(−∞) − w(−x))2)dx where w(x) = ∫ +∞
x

v(y)dy. If
moreover v ∈ D0,

∫∫
R×R

v(x)v(y)A(x, y)dxdy = ∫
R

w(x)2dx.

3 Lévy Solutions

3.1 Evolution Equation

Now we can look for solutions that would be Lévy processes with finite variance. Such
processes are characterized by their exponent ψt , or by their Laplace exponent φt .

Let us recall here a useful lemma characterizing Laplace exponents of Lévy processes.

Lemma 1 A function φ : R
+ �→ R is the Laplace exponent of a homogeneous Lévy process

with finite variance and without positive jumps if and only if φ is C∞ on ]0,+∞[, C2 on R
+,

φ(0) = 0 and φ′′ is completely monotonous.

Moreover, Bernstein’s lemma asserts that a function g continuous on R
+, C∞ on

]0,+∞[ is completely monotonous if and only if ∀n ∈ N, (−1)ng(n) ≥ 0. Injecting the defi-
nition of the exponents (2) in the evolution equation, one gets the following result.

Theorem 1 Let (ψt )t≥0 be a family of exponents of Lévy processes of finite variance, such
that ∀w ∈ R t �→ ψt(w) is differentiable and ∂tψt is locally bounded. Then ψt characterizes
an intrinsic statistical solution of our forced Burgers equation if and only if it satisfies the
equation:

∀w ∈ R, ∂tψ(t,w) = i∂wψ(t,w)ψ(t,w) − w2

2

If the family of exponents is without positive jumps, the equation for φ is

∂tφ(t,w) = −∂wφ(t,w)φ(t,w) + w2

2
(4)

Proof Suppose that ut is a family of Lévy processes with exponents (t,w) �→ ψ(t,w). If v

is a function in D0, the definition of ψ gives

μ̂t (v) = exp

(∫

R

ψ

(

t,

∫ +∞

x

v(y)dy

)

dx

)
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(as can be seen by considering first simple functions). Hence, thanks to local boundedness,

∂t μ̂t (v) = μ̂t (v)

∫

R

∂tψ

(

t,

∫ +∞

x

v(y)dy

)

dx = μ̂t (v)

∫

R

∂tψ(t,w(x))dx

where we denote as before w(x) = ∫ +∞
x

v(y)dy. The right hand side of (3) is more compli-
cated to get. One needs to compute

lim
a→−∞,b→+∞

∫

E

(∫

R

i
1

2

(

u(x) − 1

b − a

∫ b

a

u(y)dy

)2

v′(x)dx

)

exp

[

i

∫

R

uv

]

dμt(u)

in terms of ψ . This was done in [4] where it is shown that this limit is

i

(∫

R

∂wψ(t,w(x))ψ(t,w(x))dx

)

μ̂t (v)

The other term involves
∫ ∫

R×R

v(x)v(y)A(x, y)dxdy

We have to write it in terms of w: as noticed before, the specific form of A yields
∫ ∫

R×R

v(x)v(y)A(x, y)dxdy =
∫

R

w2(x)dx

Finally, we must have for all v in D0,
∫

R

∂tψ(t,w(x))dx = i

∫

R

∂wψ(t,w(x))ψ(t,w(x))dx − 1

2

∫

R

w2(x)dx

This is true if and only if

∀w ∈ R, ∂tψ(t,w) = i∂wψ(t,w)ψ(t,w) − w2

2

One should note here that the particular form of A is crucial: otherwise one would be unable
to get rid of the integral signs. �

The stationary solution of (4) is φ(w) = w
3
2√
3

: this is the exponent of a Lévy-stable process

(which of course is not of finite variance: φ is not C2 in 0). Speaking informally, this is an
“invariant measure” of our forced Burgers equation.

Of course this theorem does not guarantee the existence of such solutions. This will be
the point of our next result. In order to do this, we will have to take a close look at (4).

Equation (4) can be solved using characteristics. Characteristics for (4) are curves
(γx0(s), λx0(s)) that are solutions of the system

{
dγ

ds
= λ(s)

dλ
ds

= γ (s)2

2

(5)

with initial condition γx0(0) = x0, λx0(0) = φ0(x0). Each x0 corresponds to a different char-
acteristics. To find the value of φ(x, t), one has to find x0, if it exists, such that γx0(t) = x;
if x0 exists and is unique, then φ(x, t) = λx0(t).
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One can notice that system (5) describes the motion of a particle in a potential V (x) =
− x3

6 , starting at x0 with a velocity φ0(x0). Thanks to energy conservation, it is thus equiva-
lent to λ = γ ′, γ 3 − 3(γ ′)2 = x3

0 − 3φ0(x0)
2, γ (0) = x0.

These remarks, and the preceding lemma characterizing Laplace exponents, are the basic
ingredients of the next result.

Theorem 2 Let φ0 be the exponent of a Lévy process of finite variance without positive
jumps such that φ′

0(0) ≥ 0. Then (4) with initial condition φ0 admits a unique solution which
is for all t > 0 the exponent of a homogeneous Lévy process with finite variance and without
positive jumps. Such a Lévy process is thus an intrinsic statistical solution of the randomly
forced Burgers equation.

If φ0 = 0, the solution is φ(x, t) = t−3
√

(xt2)3 − F(xt2)6 where F is the inverse of x �→
4

1
3 x2 P(ω2 + x

√
34

1
3
). Here P is the Weierstrass function and ω2 its half-period.

As mentioned before, there is no uniqueness proven for intrinsic statistical solutions.
However the fact that jumps stay negative, is a strong sign that these solutions we exhibit
should be “real” ones. Moreover here as far as we know no other method can provide us
with such explicit formulae.

Proof We will start the proof by looking at the particular case φ0 = 0. It is instructive to see
how things go, and it is anyway necessary to deal with it separately. The general case will
be covered afterwards.

3.2 The Particular Case φ0 = 0

In this particular case (corresponding to u0 constant), the system (5) is equivalent to
λ = γ ′, γ 3 − 3(γ ′)2 = x3

0 , γ (0) = x0. The solution of this equation is γ (s) =
4

1
3 x0 P(ω2 +

√
x0

√
34

1
3
s) where P is the Weierstrass function solution of y ′2 −4y3 +1 = 0 (with

invariants g2 = 0 and g3 = 1), and ω2 = �3( 1
3 )

4π
is the half period of P , satisfying P ′(ω2) = 0.

γ is 1–1 from [0,
√

34
1
3√

x0
ω2[ to [x0,+∞[ (see [1]); it is C∞ and strictly increasing on

]0,
√

34
1
3√

x0
ω2[. In order to find φ(x, t), one needs to find x0 such that 4

1
3 x0 P(ω2 +

√
x0

√
34

1
3
t) = x.

Hence x0 = F(xt2)2

t2 where F is the inverse of x �→ 4
1
3 x2 P(ω2 + x

√
34

1
3
). F is continuous

from [0,+∞[ to [0,
√

44
1
3 ω2[ and C∞ on ]0,+∞[. Near 0, one has 4

1
3 x2 P(ω2 + x

√
34

1
3
) =

x2 + x4

4 + O(x6), hence F(x) = √
x − x

3
2

8 + o(x2).

Thus the solution of (4) with initial condition φ0 = 0 is φ(x, t) = t−3
√

(xt2)3 − F(xt2)6;
the development of F near 0 ensures that x �→ φ(x, t) is C2 on [0,+∞[. The proof that φ′′
is completely monotone will be done for the general case.

3.3 General Case

As a preliminary remark, since φ′′
0 is completely monotone, φ′

0 ≥ 0 on R
+, hence φ0 is

nonnegative and increasing on R
+. Moreover, if there is an interval I = [0, a[ such that

φ0(w) = 0 ∀w ∈ I , then φ′′
0 = 0 on I . But φ′′ is decreasing (because φ

(3)

0 ≤ 0) hence φ′′
0 = 0
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on R
+. Therefore φ0 = 0 on R

+ or φ0 > 0 on ]0,+∞[. The particular case φ0 = 0 has been
covered in the preceding section (except for complete monotonocity), hence we will assume
here that φ0 > 0 on R

+∗.
Everywhere in this proof φ(x, t)′,φ(x, t)′′, φ(x, t)(n) will refer to partial derivatives with

respect to x.
As noticed before, the solution γx0(t) of the system (5) is the trajectory of a particle in

a potential V (x) = − x3

6 , starting at x0 with a velocity φ0(x0). Hence γx0(t) is a continuous
increasing function of x0. More precisely, if x0 = 0 γ0(t) = 0, else if x0 �= 0,

γx0(t) = x ⇔ t =
∫ x

x0

dy
√

y3 − x3
0 + 3φ2

0(x0)

The function h : {(x, x0)/0 < x0 ≤ x} → R
+, defined by h(x, x0) = ∫ x

x0

dy√
y3−x3

0+3φ2
0 (x0)

is

C∞ (φ0(x0) > 0, therefore this integral is well defined); x0 �→ h(x, x0) is a diffeomorphism
from ]0, x] into R

+ hence for all t > 0 γx0(t) = x defines uniquely x0 as a C∞ function of
(x, t) on ]0,+∞[2, satisfying limx→0 x0(x, t) = 0.

Hence (4) admits as a solution for all t , φ(x, t) =
√

x3 − x0(x, t)3 + 3φ2
0(x0), φ(0, t) = 0.

x → φ(x, t) is C∞ on ]0,+∞[. We still have to check that φ′′ is completely monotone and
that φ is C2 at 0.

Let us prove that φ′′ is completely monotone. This proof will also work for φ0 = 0.
The keypoint is to notice that d

dt
(φ(γx0(t), t)) = λx0(t)φ

′(γx0(t), t) + ∂φ

∂t
(γx0(t), t) =

φφ′(γx0(t), t) + ∂φ

∂t
(γx0(t), t). Hence by deriving twice equation (4) with respect to w, and

by setting w = γx0(t) one gets

d

dt
(φ′′(γx0(t), t)) + 3φ′φ′′(γx0(t), t) = 1

Thus, for every x0, t �→ φ′′(γx0(t), t)) satisfies a differential inequality of the form du
dt

+
3f u ≥ 0 (where f = φ′(γx0(t), t)). Since φ′′

0 ≥ 0, we deduce φ′′(γx0(t), t) ≥ 0 for all t > 0.
Since it is true for all x0, φ′′(x, t) ≥ 0 for all x > 0, t > 0.

One can now proceed by induction. Suppose (−1)nφ(n)(x, t) ≥ 0 for all 2 ≤ n ≤ N . Then
by deriving (4) N + 1 times one gets

d

dt
(φ(N+1)(γx0(t), t)) + (N + 2)f φ(N+1)(γx0(t), t))

= −
N∑

k=2

(
N + 1

k

)

φ(k)(γx0(t), t))φ
(N+2−k)(γx0(t), t))

Now the induction hypothesis guarantees that each term in the sum on the right hand
side of this equation is of the sign of (−1)k(−1)N+2−k . Hence the right hand side is of sign
(−1)N+1. Thus (−1)N+1φ(N+1)(γx0(t), t) verifies du

dt
+ (N + 2)f u ≥ 0. One concludes as

before that (−1)N+1φ(N+1)(x, t) ≥ 0.
Hence φ(x, t) is completely monotone.
Let us now prove that φ is C2 at x = 0: we need to know how x0 behaves near x = 0. In

order to do this we will consider the solution of y3 − 3y ′2 + C(x0) = 0, y(0) = x0, where
C(x0) = 3φ0(x0)

2 − x3
0 . Its explicit expression depends on the sign of C. We know that

limx→0 x0 = 0. Hence there are really two cases that have to be dealt with: φ′
0(0) > 0 and

φ′
0(0) = 0.



Lévy-Process Intrinsic Statistical Solutions of a Randomly Forced 1103

– If φ′
0(0) = 0

φ0 is C2 at 0, hence φ0(x0) = k2x2
0 + o(x2

0 ) where k is a constant, and C(x0) = −x3
0 +

3k4x4
0 +o(x4

0 ) is negative when x0 is small enough. Hence γx0(t) = AP(bt + c) where A3 =
−4C(x0), b =

√
A
12 , P is as before the Weierstrass function with invariants g2 = 0, g3 = 1,

and c verifies AP(c) = x0.
From the expansion P(ω2 + ε) = 4− 1

3 + 3.4− 2
3 ε2 + o(ε2) we deduce

A = 4
1
3 x0(1 − k4x0) + o(x2

0 )

b =
√

4
1
3

12

√
x0 + o(

√
x0)

c = ω2 +
√

4
1
3

3
k2√x0 + o(

√
x0)

γx0(t) = x0 +
(

k2t + t2

4

)

x2
0 + o(x2

0 )

x0(x, t) = x −
(

k2t + t2

4

)

x2 + o(x2)

φ(x, t) =
√

x3 − x3
0 + 3φ0(x0)2

3
=

(

k2 + t

2

)

x2 + o(x2)

Hence φ is C2 at x = 0.

– If φ′
0(0) = a > 0

Now C(x0) = 3a2x2
0 + kx3

0 + o(x3
0 ), where k is a constant, is positive when x0 is small

enough. Hence γx0(t) = AQ(bt +c) where A3 = 4C(x0), b =
√

A
12 , and Q is now the Weier-

strass function with invariants g2 = 0, g3 = −1; and c must verify AQ(c) = x0.
Q is related to P by Q(z) = −P(iz) for all z in C. Q admits a real zero z1, with

Q′(z1) = 1 and Q′′(z1) = Q′′′(z1) = 0. It is not difficult to get the expansion Q(z1 + ε) =
ε + ε4

2 + o(ε4), and:

A = (12a2)
1
3 x

2
3

0

(

1 + k

9a2
x0 + o(x0)

)

b =
(

ax0

12

) 1
3
(

1 + k

18a2
x0 + o(x0)

)

c = z1 +
(

x0

12a2

) 1
3 − a− 8

3

(
12− 4

3

2
+ k

12− 1
3

9

)

x
4
3

0 + o(x0
4
3 )

γx0(t) = x0(1 + at) +
(

k

18a
t + 1

24a2
((1 + at)4 − 1)

)

x2
0 + o(x2

0 )

x0(x, t) = x

1 + at
−

(
k

18a
t + 1

24a2
((1 + at)4 − 1)

)
x2

(1 + at)3
+ o(x2)
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φ(x, t) =
√

x3 − x3
0 + 3φ0(x0)2

3
= ax

1 + at

√
1 + K2x + o(x)

where

K2 = 1 + 3(1 + at)4 + 4k(1 + 2at
3 )

12a2(1 + at)2

Hence φ is here also C2 at x = 0. �

References

1. Abramovitz, M., Stegun, I.-A.: Handbook of Mathematical Functions. Dover, New York (1965)
2. Bertoin, J.: The inviscid Burgers equation with Brownian initial velocity. Commun. Math. Phys. 193,

397–406 (1998)
3. Burgers, J.M.: The Nonlinear Diffusion Equation. Reidel, Dordrecht (1974)
4. Carraro, L., Duchon, J.: Equation de Burgers avec conditions initiales à accroissements indépendants et

homogènes. Ann. Inst. H. Poincaré Anal. Non Linéaire 15, 431–458 (1998)
5. Chabanol, M.-L., Duchon, J.: Markovian in space solutions of Burgers equation. J. Stat. Phys. 114, 525–

534 (2004)
6. Weinan, E., vanden Eijnden, E.: Statistical theory for the stochastic Burgers equation in the inviscid limit.

Commun. Pure Appl. Math. LIII, 852–901 (2000)
7. Frachebourg, L., Martin, P.A.: Exact statistical properties of the Burgers equation. J. Fluid Mech. 417,

323–349 (2000)
8. Revuz, D., Yor, M.: Continuous Martingales and Brownian Motion. Springer, Berlin (1999)
9. Robert, R.: Statistical hydrodynamics. In: Friedlander, S., Serre, D. (eds.) Handbook of Mathematical

Fluid Mechanics, vol. 2. Elsevier, Amsterdam (2003)


	Lévy-Process Intrinsic Statistical Solutions of a Randomly Forced Burgers Equation
	Abstract
	Introduction
	Statistical Solutions
	Lévy Solutions
	Evolution Equation
	The Particular Case phi0=0
	General Case

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


